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Abstract — In this paper, we use the concept of Sakaguchi 
type functions, Janowski functions and the conic regions are 
combined to define a class of functions in a new interesting conic 
domain. We prove coefficient inequalities and inclusion results. 
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Conic domains, Janowski functions, k — Starlike functions, 
k — Uniformly convex functions. 
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I. INTRODUCTION 
Let A be the class of functions of form 

f{z) = z + Y J ci n z\ ( 1 ) 

n= 2 

Which are analytic in the open unit disk 
U = jz : Z e □ and z| < 1 j, with normalization 

/(0)=(W /(OH. 

Consider the conic region fl k , k > given by 

D. k = jw + iv : u > k^(u-lf + v 2 J. 

* Corresponding author 

This domain represents the right half plane for k — 0, 
hyperbola for 0 < k < 1, a parabola for k =1 and ellipse for 
k> 1. The functions p k ( Z ) play the role of external 
functions for these conic regions where 





Where w(z) = — — ^=,f e (0,l),f e U and z is chosen 
1 -sjtx 

f tvR 1 (f)^ . . 

such that k = cosh \,R(t) is the Legendre’s 

complete elliptic integral of the first kind and R* (t) is 
complementary integral R (t ) . p k (z.) = 1 + S k Z + [9] 


S> = 


8(arccos^) 2 
n 2 (\-k 2 ) 


— ,k = 1 

71 


, 0<^<1 


4(U-l)/(l+r)ff 2 («) 


,k> 1. 


Using the concept of conic regions we define the following: 
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Definition 1.1. A function f e A is said to be the class 
k-UB(a,p, y,s,t), 

for k>0,a<0,0< J3,<l,0<y <ls,t eO with 

S ^ t if and only if 
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j(a,p,y,s,t,f(z )) 


1-a 1 

'(-WM 3 ) 

l+— 

1 l- r 

' o-ok'M ) 1 ) 

"T^p\ 

K f(sz)-f[tz) J 

K (f(sz)-f(tz ))' J 


Or equivalently 

j(a,p,y,s,t,f(z))<p k (z), 

where p k (z ) is defined by (6). 


This class generalizes various classes studied by Khalida Inayat Noor and Sarfraz Naeaz Malik in [6], Kanas and Winsiowska 
[3, 10], Shams and Kulkarni [4], Kanas [7], Mocaun [1], Goodman [5]. 


II. MAIN RESULTS 


Theorem 2.1. A function f e A and of the form (1) is in the class k — UB(a, fi,y,S,t ) , if it satisfies the condition 


{k\a,p,y,s,t)<{\- p)(\-y), 

n=2 


(4) 


Where 

'¥„(t,a,p,y,s,t) = (l-p)(l-y)'£ j (n + l-j)u j (s,t).u n +l-j(s,t)\a j a n+1 _ j \ + 

j = 2 

(k + l)\(l-a)(l-y)(l + u n (s,t))n-[(l-y) + a(y-p)](n + l)u n (s,t)+a(l-p)(n 2 + u(n)(s,t))\\a n \ 
+^{k+l)^j(l-a)(l-y)- u n(sj)[(l-y)+a(y- p)])(n+l- j)u(n+l- j)(s,t)aja m ^ 

+^{ k + l )\ a { 1 - ^)( n + l ~ jf u j( s ’ t ) a j a n + i-j\ + { 1 - ^){ l ~r){n + l)u n (s,t)\a n \, 

j= 2 ' 1 

were k > 0, a < 0, 0 < /?, < 1, 0 < y < 1 and u n (s,t) = X"-o s" 1 * 1 ' 1 
Proof. Assuming equation (8) holds, then it suffices to show that 

k^(a,p,y,s,tjiyzf)-^^(j(a,p, y,s,t,f(z))~ l)<l. 

Now consider |/ (a,P,y,S,t, f [z^} — 1|, then 


1 -a((s-t)zf'{z) ] a 

( s -0(tf'W)' 1 , 

1 -p{f(sz)-f(tz) ) 1 -y 

Jf(sz)-f(lz))‘ J 


{l-a)(\-y)(s-t)zf'{z){f{sz)-f{tz))-\_{\-y)+a{y-p)\{f (sz)-f(tz))(f {sz)-f(tz)) + 
a(l-p)i [ (s-t) 2 (zf'(z))(f(sz)-f(tz))^ 

(l-P)(l-y)(f(sz)-f(tz))(f(sz)-f(tz))' 

Now from (1) and we get 


409 


www.erpublication.org 


International Journal of Engineering and Technical Research (IJETR) 
ISSN: 2321-0869, Volume-3, Issue-3, March 2015 


(s-t)zf t (z)(f{sz)-f{tz))'={s-t) 2 z^Yjna„z n 1 (s,t)a„z M 1 j ,a 0 = u 0 = u, {s,t) = 1, 

* ( 5 “ 7^2 Ua nZ n ~ l j ^£ UU n (O’ 0 a nZ" j 


= t ) a j a n-J f 


£ | ij( n ~ j) u n-i o,o a j a n-j y* 

{ Z + £ [£ j( n - j) U n-ji S ’ O' a j a n-j Y~ l 
(s-t) 2 ^z + ^j{l + u n (sj))na n + ^j(n + l-j)u n+1 _j(s,t)a j a n+1 _ J ^z n ^. 


= (s-t) 


Similarly, we get 

{f{sz)-f(tz))(f{sz)-f(tz))=(s-tf 


Z + 5 

*+£ 


{n + \)u n {s,t)a n + 

X(n + l-j)u J (s,t).u n+1 _ j (s,t)a j a „ 

(n 2 +u n (5,f))a n + £(«+! ~j) 2 Uj ( s,t)aja n+l _ } z" L 


Using the above equalities in (9), we get 

Z!I = 2 [P - a ) 0 - r) (! + u n (s, t)) n -[(l - r) + a (/ ~ ^)] (n + l)u n (s,t) + a(l- fi) (n 2 + u n (s, f 

(l-fi)(l-r)\_Z+^Z 2 \( n + l ) U n( S ’ t ) a n + ll%{ n + l -j) U j( S ’ t ) M n + l-j{ S ’ t ) a j a n + l-j-\z n ^ 

+ zr =2 [z£(-/'( 1 - Qf )( 1 - r)u n+ i-j (s, 0)] (n + 1 - j)a j a n+l _ J z n 

(l-^)(l-r)[z + Sr= 2 [( n + 1 ) M n ( 5 ’0 a n + Z!£( n + 1_ -/’) M 7( 5 ’0 a y a « + -y] Z "] 

ZL[Z"l2([( 1 -y) + «(y-^)]“n + w(^0)](” + 1 -./K-«» + wZ" 

(l-A)(l-/)[^ + Sr= 2 [( n+1 ) a n( 5 ’0 a « + Z!£( n + 1_ -/’) M 7( 5 ’0- M n + w( 5 ’0 a 2 a n + - 2 ] Zn ] 

sr= 2 rs£( a ( i- ^)( n+i_ -/’) M 2 ( 5 ’0)i( n+i_ ./') a 2 a » + w z '‘ 

”* r — F , =j =f (6) 

(l-/3)(l-r)\_Z+J^ n =2l( n + 1 ) a n( S ’ t ) a n + ll j= 2( n + l -j) U j( S ’ t ) M n + l-j( S ’ t ) a j a n + -i\z n \ 

< zirjc i_Q; )( i_ ^)( i+M »(' s '’0) n_ [( i_ ^) +a (^ _ ^)]( n+i ) u «( s >o +Qr ( i “^)( n2+M n( s ’0)|Ki 
(i - p) (i - r ) [i - Yj r= 2 ( n + o u n o> o ki - sr= 2 ££( n + 1 - j) u i ( s > o u „^j ( s ’ o « a. + w |] 

+ ZL ££ ( ■/ 0 - a ) 0 ~r) u n + i-j {s, Q ) (n + 1 ■ ~ j)ajan + i-j | 

(i-/?)(i-r)[i-xr= 2 ( n+1 ) M '-( 5 >0l a J _ Z!Za|Zi£( n+1_ ^) M y(' s ’0- A v(« +1 -j) a y a n+ w|] 
zr =2 |z£[[( i -^) +g (^-^)]“y( g »0“» + w( j >o]( w + i --/) fl j fl » + w| 

(i - p) o - r) [i - sr= 2 ( n + o u n ( s > o k i - sr= 2 ££ ( n + 1 _ ./') m 2 (■*> o (*> o^+w |] 

+ zr= 2 |z£(«( i -^)( n+i -./') 2M 2 ( 5 ’0) a A. + w| 

(l-^)( 1 -7)[ 1 -^J =2 (n + 1 )M„(v,t)|a„|-^” 2 |^"^(n + 1 -y)M J .(5,t).M n+w (v,t)o 7 .a n+w |J 
Since 
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Then 

( A:+1 )ZL|( 1 ~ Qf )( 1 ~^)( 1+M »( >y ’0) n ~[( 1 ~^) +Qr (^~^)]( n+1 ) M "( ;y ’0 +Qf ( 1 ~^)( n2+M »( 5 ’0)lfel 

( i -^)( i -/)[ i -zr= 2 ( n+i ) M n( 5 ’0w^zr=2|z"i( n+i_ -/) M 7(' y ’0- M n+ w( 5 ’ t ) a A + w|] 

( fe+1 )ZI = 2|Z"=2(A 1-a )( 1 “^)“ M 2( 5 ’0[( 1_ ^) +a (^ _ ^)])( n+1- -/) M « + w( 5 ’ t ) fl A + w| 

(i-^)(i-r)[i-zr=2( n+i ) M »( 5 ’0i a J-zr=2|z"iU n+i_ ^) M 2( 5 ’0- M » + w( 5 ’ t ) a A + w|] 

(* + o XL - p) ( n + 1 - jf u j i s > o ■ «a+w )| 

(i-^)(i-/)[i-z”2( n+ i) M »( 5 ’0i fl ni-zr= 2 |z”=2( n+ i-^>7( 5 ’0A + w(^t)a j fl„ +w |] 

The last expression is bounded by 1 if 

^(k + l)\(l-a)(l-y)(l + u n (s,t))n-[(l-y) + a(y-j3)](n + l-j)u n (s,t) + a(l-j3)(n 2 +u n (s,tj)\\a n 
+^^ J { k + 1 )\(j{ l - a ){ l -r)-u j {s,t)[(l-r) + a(r-/3)])(n + l- j ) m„ +w ( 5 , t) a .fl n+1 _ . || 

+Z|l;(^ 1 )|(«( 1 -A)(n + 1 -;) 2 “y (• s A))«y« n+w | + ( 1 - J /?)( 1 -r)(" + 1 )"„ (* y A)|«„|| 
+£|( 1 -A)( 1 -r)£(« + 1 -7>A 5 ’0A + w(^0hA + i-;l| < ( 1 -^)( 1 -^) 

This completes the proof. 

When s = 1, t = o, we have the following result, proved by Khalida Inayat Noor and Sarfraz Nawaz Malik in [6]. 


Corollary 2.2. A function / e A and from (1) in the class k — («, J3,/), for — 1 < J3, y < 1, a > 0, k > 0 if it satisfies 
the condition 

| y n {k-a,p,y)<(\-p)(\-y), (7) 

where 

'P n ( k;a,/3,y ) = (& + l){(n-l)(lOa)(l-/) + na(l-/?)(n-l)}|a n | 

+ (^ +1 )X{(^ _1 )( 1_a )( 1_ ^) + ci; ( 1_ ^)( n_ ^)}( n + 1_ ^)| a A+w| 

7=2 

+ ( 1 -^)( 1 -gg)(n + 1 )|a„|+( 1 -y?)( 1 -/)g(n + 1 -;)|a J .fl n+w |. 

For s = 1, t = 0, a, = 0, we have following result due to Shams and Kulkarni [4], 

Corollary 2.3. A function / e A and from (1) in the class SD(k, /?), if it satisfies the 

(l-^)(l-/)> j|(fc+ 1 )(n- 1 )( 1 -7)|a„| + (A: + 1 )^(7- 1 )( 1 -/)(n + 1 -;)|fl.a n+I _.| 
condition +g|(l-^)(l-7)|a„| + (l-y?)(l-7)fj(n + l- y)|a ; a n+1 _ ; j 

> l 1 ■ - /) Z {(* + 1 ) ( n - - ; 0 ■ + 1 1 ■ - p )} kl- 
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Y j {n(k + l)-(k + /3)}\a n \<l- f3 

n= 2 

For .S' = 1,1 = 0, Of = 1 we arrive at Shams and Kulkarni et result in [4], 


Corollary 2.4. A function / e A and from (1) in the class KD (k, yj , if it satisfies the condition 
( 1 -/?)( 1 -7)>j|n(^ + 1 )(n- 1 )( 1 -/?)|fl n | + (fc+l)g(n-;)(n + 1 -;)( 1 -^)|a.a„ + i_.| 

+z|«( 1 -^)( 1 -7)W+( 1 -^)( 1 -r)Z(«+ 1 -;)| fl A + w| 

> ( 1 -fi)jt n {( k+ 1 )( n - 1 ) + ( 1 -r)}\a„\- 

This implies that 

Y j n{n(k + l)-(k + y)}\a ll \<l-y 

n=2 

Also for s = 1, t = 0, gb = 0, y = 0 then we get the well-known Kanas’s result [7]. 


Corollary 2.5. A function / ei and from (1) in the class UM ( a,k ) , if it satisfies the condition 

n= 2 


'P„ ( k;a ) = (^k + a + na)\a n \ + (n+l)\a n \+^(n+l- j)\aja n+l _^ 

7=2 

+{k+l)^{(j + j)}(n + l- j)\aj a n+ ^j\. 


For s = 1, t — 0, a = 0, j3 — 0, then we get result proved by 
Kanas and Wisniowska in [3]. 

Corollary 2.6. A function / eA and from (1) in the class 
k — ST, if it satisfies the condition 

jr{n + fc(n-l)}|a„|<l. 

n=2 

Also for s = 1, t = 0, k = 0, a = 0, then we have the 
following known result, proved by Silverman in [8] 

Corollary 2.7. A function / e A and from (1) in the class 
S*(/3), if it satisfies the condition 

Y,(n~P)\a n |<1-A 

n= 2 


REFERENCES 

[ 1 ] P. T. Mocanu, Une propriete de conveite generlise dans la theorie de la 
representation conforme, Mathematica (Cluj) 11 (1969) 127-133. 

[2] 2. R. Singh and M. Tygel, On some univalent functions in the unit 

disc, Indian. J. Pure. Appl. Math. 12 (1981) 513-520. 

[3] 3. S. Kanas, A. Wisniowska, Conic domains and starlike functions, 

Roumaine Math. Pures Appl. 45(2000) 647-657. 

[4] 4. S. Shams, S. R. Kulkarni, J.M. Jahangiri, Classes of uniformly 

starlike and convex functions, Int. J. Math. Math. Sci. 55(2004) 
2959-2961. 

[5] 5. A. W Goodman, On uniformly convex functions, Ann. Polon. Math. 

56 (1991) 87-92. 

[6] 6. K.L. Noor and S. N. Malik, On generalized bounded Mocanu 

vaiation associated with conic domin, Math. Comput. Model. 55 
(2012) 844-852. 

[7] 7. S. Kanas, Alternative characterization of the class k -UCV and 

related classes of univalent functions Serdica Math. J. 25 (1999) 
341-350. 

[8] 8. H. Selverman, Univalent functions with negative coefficients, 

Poroc. Amer. Math.Soc. 51 (1975) 109-116. 

[9] 9. S. Kanas, Coefficient estimates in subclasses of the Caratheodory 

class related to conical domains, Acta. Math. Appl. Acta. Math. 
Univ. Comenian 74 (2) (2005)149-161 . 

[10] S. Kanas, A. Wisniowska, Conic regions and k-uniform convexity, J. 

comput. Appl. Math. 105 (1999)327-336. 


412 


www.erpublication.org 


